Convergence theorems for seminormed fuzzy integrals: Solutions to
  Hutn\`ik's open problems by Boczek, Michał & Kaluszka, Marek
ar
X
iv
:1
50
1.
03
13
6v
1 
 [m
ath
.ST
]  
10
 Ja
n 2
01
5
Convergence theorems for seminormed fuzzy integrals:
Solutions to Hutnìk’s open problems
Michał Boczek , Marek Kaluszka
Institute of Mathematics, Lodz University of Technology, 90-924 Lodz, Poland
Abstract
In this note, we give solutions to Problems 9.4 and 9.5, which were presented by
Mesiar and Stupňanová [7] and by Borzová-Molnárová, Halc˘inová and Hutník, in [The
smallest semicopula-based universal integrals I: properties and characterizations, Fuzzy
Sets and Systems (2014), http://dx.doi.org/ 10.1016/j.fss.2014.09.024].
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1 Introduction
Let (X,A) be a measurable space, where A is a σ-algebra of subsets of a non-empty set X,
and let S be the family of all measurable spaces. The class of all A-measurable functions
f : X → [0, 1] is denoted by F(X,A). A capacity on A is a non-decreasing set function µ : A →
[0, 1] with µ(∅) = 0 and µ(X) = 1. We denote by M(X,A) the class of all capacities on A.
Suppose that S: [0, 1]2 → [0, 1] is a semicopula (also called a t-seminorm), i.e., a non-
decreasing function in both coordinates with the neutral element equal to 1. It is clear that
S(x, y) 6 x ∧ y and S(x, 0) = 0 = S(0, x) for all x, y ∈ [0, 1], where x ∧ y = min(x, y) (see
[1, 2, 5]). We denote the class of all semicopulas by S. Typical examples of semicopulas are
the functions: M(a, b) = a∧b, Π(a, b) = ab, S(x, y) = xy(x∨y) and SL(a, b) = (a+b−1)∨0.
Hereafter, a ∧ b = min(a, b) and a ∨ b = max(a, b).
A generalized Sugeno integral is defined by
IS(µ, f) := sup
t∈[0,1]
S
(
t, µ
(
{f > t}
))
,
where {f > t} = {x ∈ X : f(x) > t}, (X,A) ∈ S and (µ, f) ∈ M(X,A) × F(X,A). The
functional IS is also called seminormed fuzzy integral [3, 6, 9]. Replacing semicopula S with
M, we get the Sugeno integral [11]. Moreover, if S = Π, then IΠ is called the Shilkret integral
[10].
1
2 Main results
We present solutions to Problems 9.4 and 9.5, which were posed by Hutník [7] (see also [4],
problems 2.18-2.19).
Definition 1 ([4]). Let (X,A) ∈ S, µ ∈M(X,A), (fn)
∞
n=1 ⊂ F(X,A) and f ∈ F(X,A).
1. We say that (fn)
∞
n=1 converges in µ to f if lim
n→∞
µ
(
{|fn−f | > t}
)
= 0 for every t ∈ (0, 1].
We write this as fn
µ
−→ f.
2. A sequence (fn)
∞
n=1 converges strictly in µ to f, (fn
s−µ
−−→ f), if lim
n→∞
µ
(
{|fn−f | > 0}
)
=
0.
3. We say that (fn)
∞
n=1 converges in mean to f with respect to the integral IS, (fn
IS−→ f),
if lim
n→∞
IS
(
µ, |fn − f |
)
= 0.
Problem 9.4 Characterize all the capacities for which strict convergence in measure is
equivalent to convergence in measure on any measurable space.
Theorem 2.1. If fn
s−µ
−−→ f, then fn
µ
−→ f for all (X,A) ∈ S, all µ ∈ M(X,A) and all
f, fn ∈ F(X,A). The reverse implication is not true.
Proof. Since µ
(
{|fn−f | > t}
)
6 µ
(
{|fn−f | > 0}
)
for every t > 0, the convergence fn
s−µ
−−→ f
implies fn
µ
−→ f. The reverse implication is false. Indeed, let (X,A) ∈ S and µ ∈ M(X,A).
Put fn(x) = an for x ∈ X, where lim
n→∞
an = 0 and an > 0 for all n. Then fn
µ
−→ 0, but the
sequence (fn) does not converge strictly in µ to f = 0.
Problem 9.5 For which class of semicopulas (of capacities, eventually) is strict conver-
gence in measure equivalent to mean convergence?
Theorem 2.2. If fn
s−µ
−−→ f then fn
IS−→ f for all (X,A) ∈ S, all µ ∈ M(X,A) and all
f, fn ∈ F(X,A). The converse implication does not hold.
Proof. From Theorem 2.1 it follows that µ
(
{|fn − f | > t}
)
→ 0 as n→ ∞ for every t > 0.
The function t→ µ
(
{|fn − f | > t}
)
is non-increasing, so for every ε > 0 there exists n such
that for all k > n
sup
06t61
(
t ∧ µ({|fk − f | > t})
)
6 ε.
Since S(a, b) 6 a ∧ b, we get IS
(
µ, |fn − f |
)
→ 0 as n→∞.
2
The implication in the opposite direction is not true. In fact, put fn(x) = an for all
x ∈ X, where lim
n→∞
an = 0 and an > 0 for all n. Observe that
lim
n→∞
IS
(
µ, fn
)
= lim
n→∞
sup
06t6an
S
(
t, µ(X)
)
= lim
n→∞
S
(
an, 1
)
= lim
n→∞
an = 0,
so fn
IS−→ 0, but lim
n→∞
µ
(
|fn| > 0) = 1, which completes the proof.
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